Abstract. We establish three major fixed-point theorems for functions satisfying an odd power type contractive condition in G-metric spaces. We first consider the case of a single mapping, followed by that of a triplet of mappings and we conclude by the case of a family of mappings. The results we obtain in this article extend similar ones already present in the literature.
Introduction and Preliminaries
G-metric fixed point theory is a growing area in the mathematical analysis because of its applications in areas like optimization theory and differential equations. It is worth pointing out that G-metrics appeared as a correction (provided by Mustafa [8] ) of the D-metric space theory introduced by Dhage [1] . Indeed it was shown (see [7] ) that certain theorems involving Dhage's D-metric spaces are flawed, and most of the results claimed by Dhage and others are invalid. In the literature, there are many results dealing with G-metric spaces and those can be read in [4, 5, 10, 11] . In the present manuscript, as in most papers dealing with G-metric fixed points, the key tool lies on the study of the character of the sequence of iterates {T n x} ∞ n=0 (resp. {T i (x i−1) } ∞ i=0 ) where T : X → X (resp. T i : X → X ), x ∈ X and X a complete G-metric space, is (resp. are) the map (resp. maps) under consideration. Elementary facts about G-metric spaces as well as their properties related to can be found in [4, 8] and the references therein. We give here a summary of these requirements. (G1) G(x, y, z) = 0 if x = y = z whenever x, y, z ∈ X; (G2) G(x, x, y) > 0 whenever x, y ∈ X with x = y; (G3) G(x, x, y) ≤ G(x, y, z) whenever x, y, z ∈ X with z = y; [8] ) Let (X, G) be a G-metric space, and let {x n } be a sequence of points of X, therefore, we say that (x n ) is G-convergent to x ∈ X if lim n,m→∞ G(x, x n , x m ) = 0, that is, for any ε > 0, there exists N ∈ N such that G(x, x n , x m ) < ε, for all, n, m ≥ N. We call x the limit of the sequence and write x n → x or lim n→∞ x n = x.
y, y)+G(x, x, y) whenever x, y ∈ X. Then for a sequence (x n ) ⊆ X, the following are equivalent
In a G-metric space (X, G), the following are equivalent
is continuous on its three variables.
We conclude this introductory part with:
For a sequence (a n ) n≥1 of nonnegative real numbers, the series ∞ n=1 a n is an α-series if there exist 0 < λ < 1 and
The results
Theorem 2.1. Let (X, G) be a complete G-metric space. Suppose the map T : X → X satisfies
for all x, y, z ∈ X, where 0 ≤ λ < 1, and some k ∈ N. Then T has a unique fixed point.
Proof. Let x 0 ∈ X be arbitrary and construct the sequence {x n } such that x n+1 = T x n . Moreover, we may assume, without loss of generality that x n = x m for n = m. For the triplet (x n , x n+1 , x n+1 ), and by setting d n = G(x n , x n+1 , x n+1 ), we have:
Thus, we have
Hence for any m > n, we have
and so G(x n , x m , x m ) → 0, as n, m → ∞. Thus {x n } is G-Cauchy sequence. Due to the completeness of (X, G), there exists u ∈ X such that {x n } G-converges to u. On the other hand, using (2.1), we have
Letting n → ∞, and using the fact that G is continuous on its variable, we get that G 2k+1 (u, u, T u) = 0. Therefore, T u = u, hence u is a fixed point of T . If v a fixed point of T , then we have
Thus, u = v. Now we know the fixed point of T is unique.
Corollary 2.2. Let (X, G) be a complete G-metric space. Suppose the map T : X → X satisfies
2) for all x, y, z ∈ X, where 0 ≤ λ < 1, and some p, k ∈ N. Then T has a unique fixed point.
Proof. From Theorem 2.1 we know that T p has a unique fixed point (say ξ), that is,
T ξ is another fixed point for T p , and by uniqueness, we have T ξ = ξ. Theorem 2.3. Let (X, G) be a complete G-metric space. Suppose the maps T, P, Q : X → X satisfy
3) for all x, y, z ∈ X, where 0 ≤ λ < 1. Then T, P and Q have a unique common fixed point.
Proof. Let x 0 ∈ X, and define the sequence {x n } by
Using (2.3) and assuming, without loss of generality, that x n = x m for each n = m, we have
≤ ≤ λG(x, T x, T x)G(y, P y, P y)G(z, Qz, Qz) We then conclude that
In the same manner, it can be shown that
Therefore, for all n G(x n , x n+1 , x n+2 ) ≤ λ n r(x 0 ) ,
Similarly, for the cases l = m > n, and l > m = n, we have
Thus is {x n } is G-Cauchy and hence G-converges. Call the limit ξ. From (2.3) , we have
Taking the limit in (2.4) as n → ∞, and using the fact that the function G is continuous, we obtain
that is G(T ξ, ξ, ξ) = 0 and hence T ξ = ξ. Similarly, one shows that
Moreover, if η is a point such that η = T η = P η = Qη, then from (2.3), we can write
Taking the limit, we obtain, ξ = T ξ = P η = η. Similarly, one gets ξ = T ξ = Qη = η. This completes the proof.
In the same manner, one easily establish the following: Theorem 2.4. Let (X, G) be a complete G-metric space. Let T i : X → X, i = 1, 2, · · · be a family of maps that satisfy
for all x, y, z ∈ X, where 0 ≤ q < 1. Then the T i 's, i = 1, 2, · · · , have a unique common fixed point.
We conclude this section with the following result, where we make use of the idea of α-series.
Theorem 2.5. Let (X, G) be a complete G-metric space. Let T i : X → X, i = 1, 2, · · · be a family of maps that satisfy
for all x, y, z ∈ X, where 0 ≤ ∆ k i,j < 1. If the series
is an α-series, then the T i 's, i = 1, 2, · · · , have a unique common fixed point.
Proof. We will proceed in two main steps.
Claim 1: Any fixed point of T i is also a fixed point of T j and T k for i = j = k = i. Indeed, assume that x * is a fixed point of T i and suppose that T j x * = x * and T k x * = x * . Then
For any x 0 ∈ X, we build the sequence (x n ) by setting x n = T n (x n−1 ), n = 1, 2, · · · . We assume without loss of generality that x n = x m for any n, m ∈ N. Using (2.6), we obtain
and we obtain recursively
If we set r i = ∆ i+2 i,i+1 , we have that
Therefore, for all l > m > n
and
Now, let λ and n(λ) as in Definition 1.9, then for n ≥ n(λ) and using the fact that the geometric mean of non-negative real numbers is at most their arithmetic mean, it follows that
As n → ∞, we deduce that G(x n , x m , x l ) → 0. Thus (x n ) is a G-Cauchy sequence. Moreover, since X is G-complete there exists u ∈ X such that (x n ) G-converges to u.
If there exists n 0 such that T n 0 u = u, then by the claim 1, the proof of existence is complete. Otherwise for any positive integers k, l, we have
Letting n → ∞ we obtain G 3 (u, T k u, T l u) = 0, i.e. u = T k u = T l u and u is a common fixed point to the T i 's. The uniqueness of the fixed point is readily seen from condition (2.6).
The next two results are variants of Theorem 2.5. We shall state them without proof as the proofs follow the same technique as the one we just presented.
For any positive integers k, l, we have
Letting n → ∞ we obtain G 2k+1 (u, T k u, T l u) = 0, i.e. u = T k u = T l u and u is a common fixed point to the T i 's. The uniqueness of the fixed point is readily seen from condition (2.9).
Remark 2.9. Variants of Theorem 2.8 can also be easily formulated using ideas from Theorem 2.6 and Theorem 2.7 respectively. This will be left to the reader. Theorem 2.10. Let (X, G) be a complete G-metric space. Let T : X → X be a G-continuous mapping that satisfies
for x ∈ X, where 0 ≤ q < 1 and some k ∈ N. Then T has a fixed point.
Proof. For any x 0 ∈ X, we build the sequence (x n ) by setting x n = T n (x n−1 ), n = 1, 2, · · · . We assume without loss of generality that x n = x m for any n, m ∈ N. First, observe that for n ∈ N, large enough, we can find l ∈ N such that
Moreover,
by property (G3). Hence G(x n , x n+1 , x n+2 ) ≤ qG(x n−1 , x n , x n+1 ), (2.12) By usual procedure from (2.12), since q < 1, it follows that {x n } is a G-Cauchy sequence. By G-completeness of X, there exists x * ∈ X such that {x n } G-converges to x * . Furthermore, since T is G-continuous, from x n+1 = T x n , letting n → ∞ at both sides, we have x * = T x * . Thus, x * is a fixed point of T .
Theorem 2.11. Let (X, G) be a complete G-metric space. Let T : X → X be a mapping that satisfies G 2k+1 (T 2k−1 x, T 2k y, T 2k+1 z) ≤ qA k (x) (2.13) where A k (x) = G(T 2k−2 x, T 2k−1 x, T 2k−1 x)G k (T 2k−1 y, T 2k y, T 2k y)G k (T 2k z, T 2k+1 z, T 2k+1 z) for x, y, z ∈ X, where 0 ≤ q < 1 and some k ∈ N. Then T has a unique fixed point.
